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Abstract 
The resolvability of A-sets of uncountable dispersion character and CA-sets and PCA-sets with- 
out isolated points in Hausdorff compacta is proved. Examples of a Hausdorff countably compact 
irresolvable space, a Hausdorff a-compact irresolvable space of uncountable dispersion character 
and two a-compact Tychonoff spaces whose difference is an irresolvable space of uncountable 
dispersion character are constructed. A number of problems are raised. 0 1997 Elsevier Science 
B.V. 
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Dedicated to the memory of P.S. Alexandroff who invented the A-operation in 191.5 
1. Formulations 
In 1943, E. Hewitt [l] called a space resolvable if it has two disjoint dense subsets, 
and irresolvable otherwise. In 1994, W.W. Comfort (see [2]) proved the resolvability 
of every Tychonoff countably compact space. We obtain some further results and raise 
some problems about resolvability of some subspaces of countably compact and compact 
spaces. 
Recall that a topology r on X is called &resolvable, where k is an cardinal, if X 
contains k disjoint dense subsets. A topology r is called maximally resolvable if it is 
A(r)-resolvable, where A(T) = min{lV]: V E T, V # S}. The cardinal A(T) is called 
the dispersion character of the topology T. 
The closure and the interior of a subset B will be denoted as [B] and Int (B). When 
we will talk about resolvable or irresolvable spaces we assume that they have no isolated 
points. 
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Let ww be the set of all functions from w into w and wcw be the set of all functions 
from initial segments of w into w or the set {f/n: n E w, f E ww } of the restrictions 
of full functions from w into w on initial segments. 
Let X be a topological space. A family of closed subsets {F,} = {Fq: q E w<“‘} 
is called an A-system if F, c Ft when s > t. The set U{n{Ffjn: 72 E w}: f E w”} 
is called the result of applying the d-operation to the system {F,}, or briefly, A-set. 
The complement to an A-set is called a CA-set. Later let us take the product X1 x Xl 
and let rrl be the projection from this product onto X1. If we take an A-set E in the 
product X1 x X2 then T = YTI (XI x X2 \ E) is called the PCA-set. The subset X1 \ T 
is called the CPCA-set. As is easy to see this set is the small image of the A-set E by 
the projection rrr, i.e., the set {z E X1: rr;‘(z) c E}. If both factors X1, X2 above are 
compacta, then we will speak about PCA-, CPCA-sets in compacta. 
Theorem 1. An uncountable A-set in a countably compact Tl -space contains an infinite 
subset which is closed in the entire space. 
Theorem 2. A regular subspace of uncountable dispersion character which is an A-set 
in a countably compact Tl-space is resolvable. 
Corollary 3. An A-set of uncountable dispersion character in a regular countably com- 
pact space is resolvable. 
Corollary 4. An A-set of uncountable dispersion character in a compactum is resolvable. 
Corollary 5. A regular u-compact space of uncountable dispersion character is resolv- 
able. 
This is because any such space is Tychonoff and can be embedded in a Tychonoff 
cube, therefore, it is resolvable by Corollary 4 (see Example 15 and Problem 20 below). 
Theorem 6. Every nonisolated point of the complement to a Lindeliif subspace of a 
regular countably compact space is a limit point of some infinite subset of this complement 
which is closed in the entire space. 
Theorem 7. The complement to a Lindeliif subspace in a regular countably compact 
space is resolvable. 
Recall that every A-set in a compact space is Lindelof. 
Corollary 8. Every nonisolated point of a CA-set in a compactum is a limit point of 
some infinite compactum containing in this CA-set. 
Corollary 9. A CA-set in a compactum is resolvable. 
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Theorem 10. Let E be a Lindeliif subspace in a regular countably compact product 
XI x X2 of some two spaces, ~1 be the projection from this product onto Xl. Then every 
nonisolated point of the subspace T = rl(X, x X2 \ E) 2s a limit point of some infinite 
subset of T which is closed in the entire space X1. 
Theorem 11. Let E be a Lindelof subspace in a regular countably compact product 
X1 x X2 of some two spaces, 7ri~] be the projection from this product onto XI. Then the 
subspace ~1 (XI x X2 \ E) is resolvable. 
Corollary 12. Every nonisolated point of a PCA-set in compacta is a limit point of 
some infinite subset of this PCA-set which is closed in the entire space. 
Corollary 13. A PCA-set in compacta is resolvable. 
The first two examples show the difference between the Hausdorff property and the 
regularity of countably compact spaces and Lindelof spaces relative to resolvability. The 
third example highlights the structure of Bore1 subsets of compacta with the point of 
view of resolvability. 
Example 14. A Hausdorff countably compact irresolvable space. * 
Example 15. A Hausdorff a-compact irresolvable space of uncountable dispersion char- 
acter. 
Example 16. There are a Tychonoff space and in it two a-compact subspaces whose 
difference is an irresolvable space of uncountable dispersion character. 
Corollary 17. There are a Tychonoff space and in it two A-sets whose diflerence is an 
irresolvable space of uncountable dispersion character 
Corollary 18. There are a Tychonoff space and in it an A-set and a CA-set whose 
intersection is an irresolvable space of uncountable dispersion character 
Problem 19. Is an A-set of uncountable dispersion character in a compact space maxi- 
mally resolvable? Are CA-, PCA-sets in compacta maximally resolvable? 
Problem 20. Is a regular Lindelof space of uncountable dispersion character resolvable? 
Problem 21. Is a CPCA-set in compacta resolvable? Are projective sets of higher 
classes (3 4) in compacta resolvable? 
Remark 22. The structure of the A-set in Theorem 1 is essential. There is an example 
of an uncountable Lindelijf subspace of w* which has the cardinality Nr and hence does 
not contain any infinite compactum. 
2 A familiar example was constructed earlier by 0. Pavlov. He used an another idea. 
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Remark 23. There exist countable regular irresolvable spaces, therefore we cannot prove 
statements imilar to Theorems 1, 2 and formulate Problems 19, 20 without mentioning 
the uncountable dispersion character. By the same reason it is interesting only to construct 
Examples 15, 16 with uncountable dispersion character. 
2. Proofs of theorems and constructions of examples 
Now we need some preliminary information. 
Definition 24. A point z of a space 2 is called an Zsd-point if there is a set M, points 
of which have a disjoint family of open neighborhoods V = {V(x): z E M} such that 
z $,UV, but z E [Ml. 
(“Lsd” is an abbreviation for “a limit point of a strongly discrete subset”, i.e., a subset 
of points having disjoint family of neighbourhoods.) 
Let us note that this kind of points was introduced by I?L. Sharma and S. Sharma 
[3]. We think that the term “lsd” is more suitable for such points. Sharmas’ Lemma, 
Condition and Proposition are also taken from [3]. 
Sharmas’ Lemma. If a space consists of lsd-points only then it is No-resolvable. 
We call the following condition as 
Sharmas’ Condition. Every nonempty open subset of a space contains an injinite count- 
ably compact subset. 
(In [3] the Sharmas demand compactness of subsets, but not countable compactness.) 
Sharmas’ Proposition. If a Hausdorf space satisfies Sharmas’ Condition, then this 
space is resolvable. 
Proof of Theorem 1. Let E be an uncountable A-set in a countably compact ?“I-space 
X, i.e., E is the result of applying the A-operation to the A-system {FP}. Eliminating 
from this system all elements that contain only countably many points of E will only 
change E on a countable subset. Therefore, there exists an f E ww such that all sets 
E f~ Ffln are uncountable. 
. Note that n{ Ffln. n E w} c E, therefore, if the set n{Ff,n: n E w} is infinite, there 
is nothing to prove-we have an infinite closed subset contained in E. So, let us suppose 
. that the set n{ Ffln. n E w} is finite. Then there is a sequence of chains ~0 c pl c . . . 
such that f = U{pi: i E w} and En (F,, \ FP,+, ) # 8 for every i E w. Let us fix a point 
zi from every this subset. It is easy to see that the set {xi: i E w} U (n{ Ffln: n E w}) 
is a closed infinite subset of E. 0 
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Remark 25. In fact we have proved the following: for every f E ww, either there exists 
some n E w such that E n Ffln is countable or the set n{Ff,n: n E w} is infinite 
or there exists a sequence {z~: i E w} c E converging to some point from the set 
n{Ffln: n E w}. Indeed, if the last set is finite, then the sequence {xi: i E w} (see 
above) must converge to some point from this finite subset, because the space is countably 
compact and T,. 
Proof of Theorem 2. Let E be an A-set of uncountable dispersion character in a count- 
ably compact Ti-space X and E is regular (as a subspace of X). We show that every 
nonempty open subset of E contains some infinite subset which is closed in X and hence, 
countably compact. Let W be any nonempty open subset of E. Let z E W. As E is 
regular, there exists a neighbourhood V of z open in E such that [VIE c W. But E has 
uncountable dispersion character, hence, V is uncountable, and [VI, is uncountable as 
well. But [VI, is an uncountable A-set in X evidently, hence according to Theorem 1, 
it contains an infinite closed subset, i.e., E satisfies Sharmas’ Condition. Later we have 
to refer to Sharmas’ Proposition. 0 
Proof of Theorem 6. Let E be a Lindelof subspace in a regular countably compact 
space X and z is a limit point in X \ E. For every point e E E let us fix two open 
subsets V, and W, such that 5 E V,, e E WL and [Ve] n We = 0. As E is Lindelof so 
there is a countable subfamily V of sets [Ve] such that (n V) n E = 0. Let K = n V. 
If J’ is a limit point of K then all has been proved. So, let z be the isolated point of 
K. Then there is an open neighbourhood M of 5 such that M n K = {cc}. But then 
{z} = M n {V: [V] E V}, i.e., {z} is a G 6 se in a regular countably compact space - t 
X and therefore it has a countable character, so there is a sequence of points lying in 
X \ E and converging to x. 0 
Proof of Theorem 7. As a open subset of a CA-set is also a CA-set so the considered 
space satisfies Sharmas’ Condition and all has been done. •I 
Proof of Theorem 10. Let E be a Lindelbf subspace in a countably compact product 
Xi x X2 of some two spaces, 7ri be the projection from this product onto Xi. Let z be 
a limit point of the subspace T = ~1 (Xl x X2 \ E). There exists some y E X2 such 
that (2, y) +! E. For every point e E E let us fix two open subsets: a “rectangular” open 
set V, = V,e x Vze, where If,‘; Vze are open neighbourhoods of points x, y in spaces 
X1, X2 respectively and W, such that (5, y) E Ve, e E W, and [Ve] n We = 0. As E is 
Lindelof so there is a countable subfamily V of sets [Ve] such that (n V) n E = 0. Let 
K = n1 (n II). If 2 is a limit point in K then all has been proved. So, let J: be the isolated 
point of K. Then there is an open neighbourhood M of x such that M n K = {z}. 
But then {z} is a Gh-set in a regular countably compact space Xi and therefore it has 
a countable character, moreover there is a sequence of points { (zi, yi): i E w} lying in 
Xi x X2 \ E and such that the sequence (2,: i E w} converges to 5. 0 
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Proof of Theorem 11. It is easy to see that the considered space satisfies to Sharmas’ 
Condition and all has been done. 0 
Example 26 (A Hausdorff irresolvable countably compact space). Let X be any sepa- 
rable Hausdorff extremally disconnected compact or countably compact space without 
isolated points (for instance, the absolute of the usual segment [O,l]). Then X has no 
convergent sequences. Hence, every infinite closed subset in X has uncountable cardi- 
nality. Let S be any countable dense subset of X. Let v be the topology on X and r be 
the topology on S. 
Proposition 27. Let r’ be any topology on S larger than r and v’ be the topology vUr’. 
Then (X, u’) is a Hausdorf countably compact space. 
We will only check countable compactness. It is clear that if 2 E X\S and 5 E V E v’, 
then V E v. Let B be any infinite subset of X. Then [B],! > ([BIV \ S). Thus, [B],, 
has uncountable cardinality and therefore, (X, v’) is countably compact. 
Now let us continue constructing Example 26. Hewitt [l] proved that for every topol- 
ogy on an infinite set there exists some irresolvable topology on this set which is larger 
than an initial one. Let r+ be any irresolvable topology on S larger than r and V+ be 
the topology v U T+. Then (X, v+) is a Hausdorff countably compact irresolvable space. 
Remark 28. If an initial topology v on X is Urysohn (i.e., every two different points 
have disjoint closed neighbourhoods), then both topologies r+, V+ are also Urysohn and 
we have an example of a Urysohn countably compact irresolvable space. 
Example 29 (A Hausdorff irresolvable a-compact space of uncountable dispersion char- 
acter). Preliminary we shall construct a space that we need. 
Let us take a Baire space of the weight Ni, that is the ordinary product of No copies 
of the discrete space of the cardinality Ni. It is a metric space, in which each countable 
subset is nowhere dense. Let us fix some a-discrete base U{&: i E w}. Let us pick 
one point from each element of & and denote the subspace of these points by Xi. 
We can pick these points in such a way that all sets Xi, i E w, will be disjoint. Let 
X = U{Xi: i E w}. We will denote the topology on X as p. The subspace (X, p) has 
following properties: 
- X = {Xi: i E w}, where summands are disjoint, closed and discrete. 
- Moreover, points of the set Xk U Xj have discrete family of clopen neighbourhoods 
for every Ic, j E w. 
- Every countable subset is nowhere dense. 
It was mentioned above that for every topology on an infinite set there exists some 
larger irresolvable topology on this set. Of course, if a initial topology is Hausdorff then 
a final topology is Hausdorff as well. If we will act some standard manner we will obtain 
for the initial topology p on X some larger irresolvable (Tychonoff-it is important for 
Example 30) topology 7 on X with uncountable dispersion character. In this space (X, T) 
every subspace X, is closed and discrete. 
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For every i E w let bXi be any compactification of the discrete space Xi. We will 
consider that {bXi \ X} are pairwise disjoint. Let 2 = U{ bXi: i E w}. Let v, be 
the topology on bXi. Let us define the following topology v on 2: a subset V E v iff 
V n X E IT and V n bXi E vi for every i E w. The space (2, U) is Hausdorff and 
a-compact as every subspace bX, is compact. In addition (X, T) is the open subspace 
of the entire space (2, v). As (X, T 1s irresolvable so the space (2, U) is irresolvable as ) 
well. 
Example 30. There are a Tychonoff space and in it two a-compact subspaces whose 
difference is an irresolvable space of uncountable dispersion character. 
We will deal with the space (X, T) of the previous example. Let ,6X be the Stone- 
tech compactification of the space (X, T). For every i E w let bXi be the closure 
in /3X of the discrete space Xi. All subspaces {bXi \ X} are pairwise disjoint. Let 
2 = iJ{bX,: i E w} and Y = U{bXi \X: i E w}. It is evident that both two spaces 
2, Y are o-compact Tychonoff spaces and 2 \ Y is the space (X, r). So, 2 \ Y is an 
irresolvable space of uncountable dispersion character. 
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